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In this letter we obtain an exact solution for cylindrically symmetric modified Gauss Bonnet grav-
ity. This metric is a generalization of the vacuum solution of the Levi-Civita in the general relativity.
It describes an isotropic perfect fluid one parameter family of the gravitational configurations which
can be interpreted as the exterior metric of a cosmic string. By setting the Gauss-Bonnet coupling
parameter to zero, we recover the vacuum solution in the Einstein gravity as well.
PACS numbers: 04.50. Kd, 11.27.+d
I. INTRODUCTION
Einstein field equations are the simplest toy models for description the gravity as a geometrical object, due to the
Mach principle in terms of the classical gauge theory. The equivalence principle and the tensor form of the physical
rules give us more freedom to introduce another models, which so called as the modified gravity models [1]. To finding
an exact solution for any types of the gravity models we need to solve a system of highly non linear differential or
partial equations. As we know the solution of a non linear system is not unique and so by any assumption we can
find another solution. Also, here there is no gauge freedom to connect the different kinds of the solutions. Just some
generating techniques have been proposed as Buchdahl transformation [2], Ehlers transformations [3], and recently
the fluid-gravity duality conjecture from the string theory opened a new window to the exact solutions [4]. The last
approach is more advanced one and potentially is very rich to extension.
Form other point of the view, symmetry is a basic key object for description of the physical systems appropriately.
By fixing the symmetry of the metric in the gravitational models, we archive a tool for simplification of the systems
and reduction of the numbers of the independent differential equations. In spite of the Newtonian mechanics, in the
gravitational theories, usually the symmetry of the source can not be addressed directly in the symmetry of the metric
of the manifold. For example a rod like source also can produced the spherically symmetric static configurations as
well as a member of the Papapetrou class. The spherical symmetry is trivial and first one. By applying this symmetry
we can obtain a family of black objects in any dimension d also when the static configuration is formed in the d > 4.
The horizon of these black objects can be in any form from S2 to S2 × Sp (in d > 4).
The cylindrical symmetry is the next symmetry which can be considered properly. Most of the black objects in
the higher dimensions and with additional fields like U(1) electromagnetism have a class of the exact solutions with
this posses this kind of the symmetry. In fact, this symmetry is a subclass of the axial symmetries. Different kinds of
the exact solutions with cylindrical symmetry have been discussed in the literature, in f(R) [5] and also in forth order
Weyl gravity [6] and also in braneworld gravity[7], Einstein-Maxwell [8] and with superconducting cosmic strings [9].
In five dimensions, also you can have a cosmic string structure which is a vacuum solution to five dimensional field
equations [10]. In this letter we want to find exact solutions, in d = 4, for a modified gravity with both curvature “R”
and the Gauss-Bonnet invariant term “G” in cylindrical symmetry.
We derived the field equations for a typical Lagrangian density in the form L = R + f(G) where in it, f(G) is
an arbitrary function of the Gauss-Bonnet topological invariance. By assuming a viable forms of the f(G) ∼ Gn we
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2obtain an exact solutions which it satisfies all the field equations. The exact solution correctly recovers the cylindrical
vacuum solution of the Levi-Civita appropriately and we found the expressions for the pressure and the energy density
values. So, our exact solution is a natural extension of the vacuum cylindrically symmetric solution in the modified
Gauss Bonnet gravity in d = 4.
II. FORMALISM OF f(G) GRAVITY AND EQUATIONS OF MOTION WITHIN CYLINDRICAL
METRIC
Let us consider expose a brief review of the field equations in R+ f(G) theory of gravity [11] using the action given by
S =
∫
d4x
√−g
[
R
2κ2
+ f(G)
]
+ Sm , (1)
where R is the Ricci scalar, f(G) is a general differential function of the Gauss-Bonnet invariant G. Sm is the matter
action that from which the energy momentum tensor Tµν will be derived, and κ
2 = 8piGN , where GN is the Newtonian
gravitational constant. By varying the action (1) with respect to the metric gµν , one gets the following equation
Rµν − 1
2
Rgµν + 8
[
Rµρνσ +Rρνgσµ −Rρσgνµ −Rµνgσρ +Rµσgνρ
+
R
2
(gµνgσρ − gµσgνρ)
]
∇ρ∇σfG + (GfG − f) gµν = κ2Tµν , (2)
where fG denotes the derivative of the function f with respect to G, defined as G = R
2−RµνRµν+RµνλσRµνλσ , Rµν
and Rµνλσ being the Ricci tensor and Riemann tensors, respectively. The conventions used in this work are (+−−−)
for the signature, ∇µVν = ∂µVν − ΓλµνVλ and Rσµνρ = ∂νΓσµρ − ∂ρΓσµν +ΓωµρΓσων − ΓωµνΓσωρ for the covariant derivative
and the Riemann tensor, respectively. The general form of the static cylindrical symmetric metric in the cylindrical
weyl coordinates (t, r, ϕ, z) is given by [12]
ds2 = gµνdx
µdxν = e2u(r)dt2 − e2k(r)−2u(r) (dr2 + dz2)− w(r)2e−2u(r)dϕ2 . (3)
The non-null Christofell symbol read
Γttr = u
′ , Γrtt = u
′e4u−2k , Γrrr = Γ
z
rz = −Γrzz = k′ − u′ ,Γrϕϕ = −
(
ww′ − u′w2) e−2k , Γϕrϕ = w′ − u′ww , (4)
the non-null components of the Riemann tensor are
Rtrrt =
(
u′′ + 2u′2 − k′u′) e2u , Rtϕϕt = (u′ww′ − u′2w2) e2u−2k , Rtzzt = (k′u′ − u′2) e2u , Rrzzr = (u′′ − k′′) e2k−2u ,
Rrϕϕr = −
[
ww′′ − (u′ + k′)ww′ + (k′u′ − u′′)w2
]
e−2u , Rϕzzϕ =
[
(u′ − k′)ww′ + (k′u′ − u′2)w2]e−2u .(5)
The curvature scalar and the Gauss-Bonnet invariant read, respectively
R = 2
(
w′′
w
− u
′w′
w
− u′′ + u′2 + k′′
)
e2u−2k , (6)
G =
8e4(u−k)
w
[
k′u′w′′ − u′2w′′ − 2u′u′′w′ + k′u′′w′ − u′3w′ + 3k′u′2w′ + k′′u′w′ − 2k′2u′w′
+w
(
3u′2u′′ − 2k′u′u′′ + 2u′4 − 4k′u′3 − k′′u′2 + 2k′2u′2) ] . (7)
3By using the cylindrical metric (3) the equation (2), one gets the following four equations
8e4(u−k)
w
{ [
u′w′ − k′w′ − w (u′2 − k′u′)] f ′′G + [u′w′′ − k′w′′ + u′′w′ − 2k′u′w′ − k′′w′
+2k′2w′ − w (2u′u′′ − k′u′′ + u′3 − 3k′u′2 − k′′u′ + 2k′2u′) ]f ′G − [u′2w′′ − k′u′w′′ + 2u′u′′w′
−k′u′′w′ + u′3w′ − 3k′u′2w′ − k′′u′w′ + 2k′2u′w′ − w
(
3u′2u′′ − 2k′u′u′′ + 2u′4 − 4k′u′3 − k′′u′2
+2k′2u′2
)]
fG
}
+
e2(u−k)
w
[
2u′w′ − w′′ + w (2u′′ − u′2 − k′′) ]− f = κ2ρ , (8)
8e4(u−k)
w
{
3
[
u′2w′ + k′u′w′ + w
(
u′3 − k′u′2)] f ′G + [u′2w′′ − k′u′w′′ + 2u′u′′w′ − ku′′w′ + u′3w′
−3k′u′2w′ − k′′u′w′ + 2k′2u′w′ + w
(
2k′u′u′′ − 3u′2u′′ − 2u′4 + 4k′u′3 + k′′u′2 − k′2u′2
)]
fG
}
+
e2(u−k)
w
[
k′w′ − wu′2
]
+ f = κ2pr , (9)
8e4(u−k)
w
{
w
(
k′u′ − u′2) f ′′G + w[k′u′′ − 2u′u′′ − 3u′3 + 5k′u′2 + k′′u′ − 2k′2u′]f ′G
+
[
u′2w′′ − k′u′w′′ + 2u′u′′w′ − k′u′′w′ + u′3w′ − 3k′u′2w′ − k′′u′w′ + 2k′2u′w′ + w
(
2k′u′u′′
−3u′2u′′ − 2u′4 + 4k′u′3 + k′′u′2 − 2k′2u′2
)]
fG
}
+ e2(u−k)
(
u′2 + k′′
)
+ f = κ2pϕ , (10)
8e4(u−k)
w
{(
u′w′ − wu′2) f ′′G + [u′w′′ + u′′w′ + 2u′2w − 3k′u′w′ + w(3k′u′2 − 2u′u′′ − 3u′3)]f ′G
+
[
u′2w′′ − k′u′w′′ + 2u′u′′w′ − k′u′′w′ + u′3w′ − 3k′u′2w′ − k′′u′w′ + 2k′2u′w′ + w
(
2k′u′u′′
−3u′2u′′ − 2u′4 + 4k′u′3 + k′′u′2 − 2k′2u′2
)]
fG
}
+
e2(u−k)
w
(
w′′ − k′w′ + wu′2)+ f = κ2pz . (11)
III. A SPECIFIC SOLUTIONS FOR f(G) = αGn
In this section we present a more general type of Levi-Civita (LC) solution for power-law expression of the algebraic
function f , in the form f(G) = αGn, with α, n ∈ ℜ. This model of f(G) is a viable cosmological model [13–16].
Also, this model is a member of the general class of the models without the spurious spin-2 ghosts [17]. Also, this
model is the leading order term of a viable, stable model of the Gauss-Bonnet gravity [18] and for local astrophysics
phenomena [19].
As it is well known in GR, LC solution corresponds to vacuum, where equivalently the Ricci scalar vanishes. Here,
we present solutions for both metric parameters w(r), u(r) and k(r), and also the the energy density and pressures
of the matter content, where the curvature scalar is still null.
To illustrate this we consider the metric parameters as
w(r) = r , (12)
u(r) = u0 ln [w(r)] , (13)
k(r) = k0 ln [w(r)] , (14)
where u0 and k0 are constants. We must clarify this particular solution, specially we must know how we fix the gauge
metric function w(r) = r. This last gauge is a harmonic function on the subspace Σ2 defined by the two constant time
and space like sheets t = constant, r = constant. It means it satisfy the potential equation ∇A∇Aw(r) = 0, A,B =
{z, ϕ}. As we know the solution of this equation is a linear function of the radial coordinate r, as w(r) = c0r + c1.
The constant can be set to the zero, c1 = 0 by a shift symmetry of the conical cylinder geometry and the c0 can be
absorbed in the redefinition of the radial coordinate r. This last parameter induces a conical parameter αˆ = c0 which
is related to the mass per length function [20]. But for the pair of the metric functions {u(r), k(r)}, we follow the
LC metric form in which these functions have been reinterpreted as the potential functions (purely Newtonian)of a
rod with mass per length M located at the center r = 0. Also these functions are planar harmonic functions which
satisfy the same potential equations, like the w(r). These potential functions remain singular of the points near the
4axis r = 0. The real thin cosmic string, which is an interior solution to LC metric must have a thickness with scale
r0. This thickness can not be found by the classical approaches. The essence of it backs to the quantum features of
the naked singularities. Also here, the description of the cosmic string line element with the higher order corrections
of the Gauss-Bonnet term is enable to solve the axis singularity problem. But also in this higher order corrected
model, this assumption as an ansatz satisfy all the necessary requirements. This is verified that (12)-(14) to be an
exact solution to the vacuum Einstein field equations. With the choice (12)-(14) the curvature scalar (6) and the
Gauss-Bonnet invariant (7) read
R(r) = −2 (k0 − u20) r2(u0−k0−1) , (15)
G(r) = 16u0 (u0 − 1) (k0 − u0) (k0 − u0 + 1) r4(u0−k0+1) , (16)
where the constant u0 is now different from 1. Also, we get the energy density and pressures as follows
ρ(r) =
1
κ2
{
(k0 − u20)r2(u0−k0−1) +
α16n(n− 1)
u0
[
r4(u0−k0−1)u0(k0 − u0)(1 − k0 − u0)(u0 − 1)
]n
×
[
8n2(1 + k0 − u0) + u0 + 2n(3u0 − 2k0 − 2)
]}
, (17)
pr(r) =
1
κ2
{
r2(u0−k0−1)
(
k0 − u20
)
+
α16n(n− 1)
(k0 − u0)(u0 − 1)
[
r4(u0−k0−1)u0(k0 − u0)(1 + k0 − u0)(u0 − 1)
]n
×
[
k0(6n− 1)(u0 − 1) + u0 [u0 − 1− 6n(u0 + 1)]
]}
, (18)
pϕ =
1
κ2
{
r2(u0−k0−1)(u20 − k0) +
α16n(n− 1)
u0 − 1
[
r4(u0−k0−1)u0(k0 − u0)(1 + k0 − u0)(u0 − 1)
]n
×
[
1− u0 + 2n(u0 − 2k0 − 1) + 8n2(1 + k0 − u0)
]}
, (19)
pz(r) = − 1
κ2
{
r2(u0−k0−1)(k0 − u20) +
α16n(n− 1)
(k0 − u0)(u0 − 1)
[
r4(u0−k0−1)u0(k0 − u0)(1 + k0 − u0)(u0 − 1)
]n
×
[
k0(1 − 2n+ 8n2)(u0 − 1) + u0(1− u0)− 8n2(u0 − 1)2 + 2n [2 + u0(u0 + 2r − 5)]
]}
. (20)
Since our goal is to get a new type of LC solution [21], we need a null curvature scalar. We want to label the
formation of the LC family to the effects of the Gauss-Bonnet terms in the action. It means we want to know how we
can recover LC solution in the absence of the curvature scalar by including the Gauss-Bonnet invariants. The only
way for this is to set k0 = M
2 and u0 = M . This set of the parameters came from the constraint k0 = u
2
0. This choice
of the parameters {u0, k0} parametrize the family of the solutions as a one parameter family of the exact solution
with the singly parameter of the mass per length M . There is no hair from the Gauss-Bonnet coupling α. Therefore,
the Gauss-Bonnet invariant becomes
G(r) = 16M2 (M − 1)2 (M2 −M + 1) r−4(1−M+M2) . (21)
In the same way, the energy density and the pressures can be found as
ρ(r) =
α
κ2
16n
(n− 1)M2n−1
r4n(M2−M+1)
(M − 1)2n(M2 −M + 1)n
[
M − 2n(2M2 − 3M + 2) + 8n2(M2 −M + 1)
]
, (22)
pr(r) =
M
[
6n(M2 − 2M − 1)− (M − 1)2]
(M − 1)2 [M − 2n(2M2 − 3M + 2) + 8n2(M2 −M + 1)]ρ(r) , (23)
5pϕ(r) =
M
[
1−M − 2n(2M2 −M + 1) + 8n2(M2 −M + 1)]
(M − 1) [M − 2n(2M2 − 3M + 2) + 8n2(M2 −M + 1)]ρ(r) , (24)
pz(r) =
{
M2 −M + 8n2(M − 1)2 −M2(M − 1)(8n2 − 2n+ 1)− 2n [M2 +M(2r − 5) + 2]}
(M − 1)2 [M − 2n(2M2 − 3M + 2) + 8n2(M2 −M + 1)] ρ(r) . (25)
For we establish the positivity of ρ(r) we must have the following satisfied conditions. For α > 0, n ≤ 0 and
M > 0, or 0 < n < 1/2 and M1 ≤ M ≤ M2, or 1/2 ≤ n ≤ 1 and M > 0. For α < 0, 0 < n < 1/2
and 0 < M ≤ M1 or M2 ≤ M , or still 1 ≤ n and M > 0. We have M1,2 = [(8n2 − 6n − 1)/8n(2n − 1)] ±
(1/8)
√
(1 + 12n− 44n2 + 166n3 − 192n4)/n2(2n− 1)2.
We also noticed that we have a behavior of the type barotropic for the components of pressure. Two are homogeneous
, pr = ωrρ and pφ = ωφρ, and one inhomogeneous, pz = ωz(r)ρ.
Note that for α = 0 the algebraic function f(G), the energy density and pressures vanish, leading to the usual LC
solution solution in GR, which indeed is a vacuum solution. We see here that the type of LC solution in power-law
modified f(G) = αGn gravity is not a vacuum solution within the assumption (12)-(14), but falls into a vacuum
solution for α = 0 (the usual LC solution in GR).
Other interesting feature to be put out here is the case where the parameter n = 1 and α 6= 0. Observe that in
this case, the algebraic function f has a linear form in G, that is f(G) = αG, which is a topological term in the
action. Within this case, one sees that the G contribution fades away from the field equations leading directly to the
LC solution, once the conditions k0 = M
2 and u0 = M are satisfied, where the curvature scalar is null. We mention
here that it is possible to Match this static solution to the exterior metric of a cosmic string [22–24]. Also a rotating
version of this solution can be matched successfully to the Kerr solution [25].
IV. CONCLUSION
Cosmic strings are the exact solutions of the classical Einstein-Hilbert action with cylindrical symmetry. They
generated in the early universe and in the high energy regime as the products of the spontaneous symmetry breaking
of the U(1) abelian gauge fields coupled non minimally to the Higgs bosons. The topology of this flat solutions is
non trivial and so this different type of the topology differers them from the Minkowski spacetimes. In this paper
we investigated the possibility to have a cylindrically symmetric vacuum solution in a modified Einstein gravity with
Gauss-Bonnet higher order corrections. We derived the general field equations which they have been described the
general vacuum solution of the Levi-Civita with a viable Gauss-Bonnet model f(G) ∼ Gn, n 6= 1. We showed that the
system of the gravitational field equations recover a modified version of the LC solutions as a special case with some
analytic functions of the fluid’s energy momentum components. Explicitly we observed that the solution satisfies the
field equations properly by direct replacement. Our solution can be considered as a generalization of the exterior
solution of a Cosmic string in the modified Gauss-Bonnet gravity.
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